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Convergence properties of first-order difference equations of the form x,+; = f(x,) are
established for a general class of mappings f, where f has at most one critical point.
Using these results, we find necessary and sufficient conditions for the convergence of
the solutions for all difference equations of the form

Ax}+Bx, +C
Xpgpl] = —————
R

for all possible choices of non-negative coefficients and positive initial values.

Keywords: first-order map; rational difference equations; convergence; single critical
point

1. Introduction

This paper concerns first-order difference equations x,+; = f(x,) for mappings f on the
line. Such equations can also be regarded as one-dimensional iterating maps. As an
iterating map, many results have been established. For example, when f is quadratic or
logistic, the dynamic behaviour of the map has been well studied. One can find related
results in the book [15]. There are also studies for more general maps, for example [2,8].
In the paper [16], by comparing a continuous function f with its inverse f~! in a
neighbourhood of an isolated fixed point X, a necessary and sufficient condition for the
asymptotic stability of X is obtained.

There has been a great deal of interest in difference equations when the mapping f'is
rational. In particular, when fis linear in the numerator and denominator, the dynamics of
the solutions have been extensively studied. Necessary and sufficient conditions
concerning the behaviour of their solutions have been obtained, see [5,9—11]. However,
as soon as nonlinear factors are introduced into either the numerator or the denominator,
the results are less complete. In papers [13,14], high-order rational difference equations
are studied, where the numerator is quadratic and the denominator is linear. The first-order
difference equation can be regarded as a special case of their study. Sufficient conditions
were established on the parameter values which guarantee that the unique non-negative
fixed point attracts all positive solutions. One can also find other results for high-order
rational difference equations whose numerator is quadratic and denominator is linear or
quadratic. See papers [1,6,7], and book [3] among others. In paper [4], the authors study
the convergence of second-order rational difference equations with quadratic terms. With
a transformation, their equations can be reduced to first-order linear-quadratic rational
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difference equations and the results in that paper can be applied. When fis a quadratic-
quadratic rational function, there are partial results on the convergence properties of this
equation (see [12]).

In this paper, we consider first-order difference equations x,+; = f(x,) when function
fis C' with at most one critical point. We completely determine the convergence
properties of the solution to this difference equation for any positive initial values if either
the difference equation has no prime period-two solutions or all of the prime period-two
solutions lie on one particular side of the critical point, depending upon whether the
critical point gives a maximum or a minimum.

As an application of our results, we consider the first-order quadratic-quadratic rational
difference equation

Ax>+Bx, +C W
-xl‘l :77
i axZ + Bx, + vy

where the coefficients A,B,C,a, 3 and vy are non-negative. We find necessary and
sufficient conditions for the convergence of solutions of this equation for all possible non-
negative coefficients and positive initial values.

2. Definitions and background material results

In order to prove the main theorems, we first establish a number of preliminary results,
several of which are interesting in their own right.

DEFINITION 2.1. A real number X is said to be a fixed point of the functionf : R— R if and
only if f(X) = X.

DEFINITION 2.2. A function f : R— R is said to have a (positive) prime period-two pair
(P1,P2), if and only if there exists (positive) real numbers py and p,, with py # pa, such
that py = f(py) and py = f(p2). We call p, and p, prime period-two points of f.

DEFINITION 2.3. We define the n-th iterate of f as f" ' (x) = f( f"(x)) for any integer n = 1
and f1(x) = f(x).

Observe that X is a positive fixed point of f* if and only if X is a positive fixed point of £
or a positive prime period-two point of f.

DEFINITION 2.4. We say that {f"(x0)} = {xo0,f(x0),f>(X0), ...} is the solution of X,4+1 =
f(x,) with initial value xy.

DEFINITION 2.5. The solution { f"(xy)} is said to converge to the real number X if and only
if lim,—,o0 f " (x) = X.

DEFINITION 2.6. The solution {f"(x)} is said to converge to the prime period-two pair
(P1,p2) if and only if either lim, .of*(x0) =p; and lim, .of**'(x0) = po, or
1m0 f *(x0) = P2 and limy, oo f ' (x0) = p1.
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Lemma 2.7. Suppose that f € C((0,00) X (0,0)). Any solution to x,+1 = f(x,) that
converges to a prime period-two pair must be a positive prime period-two pair.

Proof. We need to rule out the possibility that the prime period-two pair is of the form
(p,0) or (0,p) with p > 0. Suppose that lim,— f>*(xo) = p and lim,— f 2" (x9) = 0.
Since p>0 and f is continuous on (0,0), then 0= lim, o> (x) =
lim, o0 f(f?"(x0)) = f(p). This is impossible since f(x) > 0 for x > 0. By a similar
argument, the solutions cannot converge to the prime period-two pair (0, p).

We will say that O is a fixed point of a function fif f can be extended continuously to the
origin so that f(0) = 0. Otherwise, we will say that 0 is not a fixed point of f. ]

LeEmmaA 2.8. Suppose f € C((0, ) X (0, 0)).

(@) Iff((0, a]) C (0, a] for some a > 0 and 0 is not a fixed point of f 2, then for every
X0 € (0, al, the solution {f"(xy)} converges to a positive fixed point of f or a
positive prime period-two pair of f in the interval (0, o] if and only if the solution
{f?"(x0)} converges to a fixed point of f* in the interval (0, a).

(b) If 0 is not a fixed point of f2, then for every xoy € (0, 00), the solution {f"(xo)}
converges to a positive fixed point of f or a positive prime period-two pair of f in
the interval (0, ) if and only if the solution {f *"(xy)} converges to a positive fixed
point of f2 in the interval (0, 00).

©) If f({a, B]) C [a, B] with 0 < a < B, then for every xo € [, B], the solution
{f"(x0)} converges to a fixed point of f or a prime period-two pair of { in the
interval [a, B] if and only if the solution f ¥ (xo) converges to a fixed point of f* in
the interval [, B].

@ If f([a,0)) C [ex,00) with a> 0, then for every xo € [a, ), the solution
{f ™(x0)} converges to a fixed point of f or a prime period-two pair of f in the
interval [a, ) if and only if the solution { f*"(xo)} converges to a fixed point of >
in the interval [a, 00).

(e) Iff can be extended to be continuous at the origin, then for every xo € [0, ), the
solution { f"(xy)} converges to a non-negative fixed point of f or a positive prime
period-two pair of f in the interval [0, ) if and only if the solution {f*"(xo)}
converges to a fixed point of f2 in the interval [0, o).

The proof of this lemma is trivial, and we dispense with the proof.

THEOREM 2.9. Suppose x,+1 = f(x,), where

(@) f € C([a, ) X [B, ) with f(a) =B = a =0,
(i1) f is strictly increasing on [a, ), and
(iii) f has at most a finite number of fixed points in the interval [a, ).

Let Xgp = max{X : X is a non-negative fixed point of f}. Then for every initial value
Xo = a, the solution {f"(xg)} converges to one of the fixed points of f in the interval
[a, 00) in the case f(x) < x as x — 0. For the case f(x) > x as x — 00, we conclude
that the solution {f"(xo)} converges to a fixed point of f when a = xy = Xgp and
diverge to infinity when xo > Xgup.
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This result is well known and can be proved using the elementary graphic method of
iteration. This technique can be found in introductory texts on dynamical systems
(for example, see Section 9.2 of [15]).

Assume that 0 = o) < ap < o0 and 0 = By < B, < o0,

THEOREM 2.10. Suppose x,+1 = f(x,), where

@) f € Cay, ax]) X [B1, B2]) with f(ar) = B1 = ay,f(ar) = B = a,
@i1) f is strictly increasing on [ay, oy, and
(ii1) f has at most a finite number of fixed points in the interval [y, az].

Then for all initial values xo € [ay, a,], the solution {f"(xo)} converges to one of the fixed
points of f in the interval [ay, as].

Once again, this result is well known and follows using the elementary graphic method
of iteration.

3. The main general results

THEOREM 3.1. Suppose the function f € C((0, o) X (0, 00)), f is strictly decreasing, and f
has at most a finite number of positive prime period-two pairs. Then we have the following
conclusion. For every xy > 0 the solution { f"(xo)} converges to either the unique positive
fixed point of f or to a positive prime period-two pair of f, except for the case that all of the
following three conditions hold: lim,_qf(x) = 00, lim, e f(x) =0 and f>(x) < x for
x > 0 and x sufficiently small. Denote Xy, = min{x > 0 : X is either a fixed point of f or a
prime period-two point of f}. In the case that all of the three additional conditions above
hold, we have the following conclusion:

(i) For 0 < xog < Xmin, we have ¥ (xo) — 0 and f>" 7 (xo) — o0 as n— o,

(i) for Xmin = x0 = f(Xmin), the solution {f"(xq)} converges either to the unique
positive fixed point of f or to a positive prime period-two pair of f in the interval
[(Xmin,f Fmin)], and

(iil) for xo > f(Xmin), we have f>"(xg) — o and f>" ' (xg) — 0 as n — oo,

Proof. We first claim that £2 is strictly increasing. Consider any 0 < x; < x,. Since f is
strictly decreasing, then f(x;) < f(x;) and so f2(x») >f2(x1) as claimed. Since f is
continuous on (0, c0) and the range of f is (0, ), then clearly f 2 is continuous on (0, ©).
Since £ is strictly increasing, then we can extend £ so that it is continuous on [0, %) with
its range in [0, 00). Since f is strictly decreasing, it has exactly one fixed point X and this
fixed point is positive. Since f is strictly decreasing, we conclude that either 0 <
lim,—o f(x) < o0 or lim,— f(x) = oo.

Case 3.1.1. Assume that 0 < lim,— f(x) < oo.

In this case f can be extended to be continuous on [0, o). Since f is strictly decreasing,
then lim, o f(x) = a for some finite a = 0. This gives lim, o f2(x) = lim,_,f(x) =
f(a) < . Thus, f2(x) < x as x— o0. By Theorem 2.9, for every xo > 0, the solution
{f*"(xo)} converges to a fixed point of f2. By assumption, lim,qf(x) < oo and so
lim,_q f(x) = b for some finite b > 0. Thus, lim,_q f2(x) = lim,_, f(x) = f(b) > 0. Thus
0 is not a fixed point of f2. By Lemma 2.8(b), every solution of f converges to either a
positive fixed point of f or a positive prime period-two pair of f.

Case 3.1.2. Assume that lim,— f(x) = oo.
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Case 3.1.2.1. Assume that lim,_.. f(x) = b with b > 0.

Clearly b must be finite since f 1is strictly decreasing. Observe that
lim,—o f%(x) = lim,—« f(x) = b. Thus, 0 is not a fixed point of f2. Next, we have
lim, 0 f2(x) = lim,_, f(x) = f(b) which is obviously finite since f is strictly decreasing.
Thus f?(x) < x as x — 0. By the same reasoning as in Case 3.1.1, every solution of f
converges to either a positive fixed point of f or a positive prime period-two pair of f.

Case 3.1.2.2. Assume that lim,— f(x) = 0.

First, note that lim,qf2(x) = lim,_f(x) = 0. Thus, 0 is a fixed point of f2.
Consider X, where X is either a fixed point of f or prime period-two point of f. Without
loss of generality, we have X = f(X), since X = f(X) in the case X is a fixed point of f
and otherwise (X,f(X)) is a prime period-two pair of f. We claim that
Xmin = X = f(X) = f(Xmin)- Since Xpmin = X and f is strictly decreasing, then f(Xmin) =
f(@) as claimed. Thus, every fixed point of f or prime period-two point of f lies in the
interval [Xmin,f(Xmin)]- By Theorem 2.10, if xg € [Xmin,f(Xmin)], then f 2(x0) converges to
a fixed point of £ 2 in this interval. Since f is strictly decreasing in the interval [Zin, f Fmin)]
and f2(xmin) = Xmin, then f([)_cmimf()_cmin)]) = [Xmin af(xmin)} By Lemma 2.8(c), for every
X0 € [Xmin,fXmin)], the solutions f"(xy) converges either to a positive fixed point of f or to
a positive prime period-two pair in this interval.

The convergence properties of the solutions on the intervals (0, Xpin) and (f(Xmin), ),
depend upon the behaviour of f2 near the origin. So, we need two more subcases.

Case 3.1.2.2.1. Assume thatfz(x) > x for x > 0 and x is sufficiently small.

Since 0 and X, are the only fixed points of f 2 on the interval [0, Xmin], then f 2(x) > x
for 0 < x < Xpin. By the elementary graphic method of iteration, for every xy € (0, Xmin),
the solution {f*"(xo)} converges to Xpi,. Since f is continuous on the interval (0, Xpi,] and
F((0, Xmin]) = [f (Xmin), o), then for every y € [f(Xmin), ), there exists x € (0, Xpin] such
that f(x) =y. Since f? is strictly increasing and %, is a fixed point of f2, then
fz((oz)_cmin)) C (0, Xmin)- Sincefz(x) > xforx € (vamin)afz((oy)_cmin)) C (0, Xmin), and f is
strictly decreasing, then F20) =2 ) = f(F2(x)) < f(x) =y for all y € [f(Emin), ).
It follows by using the elementary graphic method of iteration that for every
X0 € (fEmin), %), the solution { 2" (x0)} converges to f(Xmin)- If X0 € (0, Xpin), then since
Xo < Xmin and f is strictly decreasing, we have f(xo) > f(Zmin). Thus {f>"*!(x)} converges
t0 fGEmin). If f(Xmin) = Xmin, then {f"(xg)} converges to the unique fixed point of f.
If f(Xmin) 7 Xmin» then {f"(xg)} converges to the prime period-two pair (Xmin,fEmin))-
If xg € (Xinin, ), then by the same argument, {f"(xo)} converges to Xpin if Xmin is the
unique fixed point of f. If f(¥min) 7 Xmin, then { f"(x)} converges to the prime period-two
pair (f()_cmin)axmin)~

Case 3.1.2.2.2. Assume that f 2(x) < x for x > 0 and x sufficiently small.

Since 0 and X, are the only fixed points of f 2 on the interval [0, Xmin], then f 2(x) < x
for 0 < x < Xpin. By the elementary graphic method of iteration, for every xy € (0, Xmin),
the solution {f*"(x)} converges to 0. By the same argument as in Case 3.1.2.2.1, we have
f2(y) > yforally € (f(Zmin), ). It follows by the elementary graphic method of iteration
that for every xo € (f(Xmin), %), the solution {f*'(xp)} diverges to infinity. As in Case
3.1.2.2.1, if xg € (0, Zmin), then f(xo) € (Zmin, ). Thus, if xg € (0, Xmin), then {2 (xp)}
converges to 0 and {f 2141 (x0)} diverges to infinity. Similarly, if xo € (f(Xmin), ©°), then
{f?*"(xo)} diverges to infinity and {f>"*!(x()} converges to 0. O

DEFINITION 3.2. A C' function f is said to have a critical point at x = w if and only if

J'(w) =0.
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In Theorem 3.3, denote Xp,x = max{x > 0 : ¥ is either a fixed point of f or a prime
period-two point of f'}. Denote m to be the solution to f(m) = Xpax With 0 < m < u, if it
exists. We will see in the proof of Theorem 3.3 that if m exists, it must be unique. If m does
not exist, choose m = 0.

THEOREM 3.3. Suppose the function f has the following properties:

() f € C'((0,00) X (0, 0)).
(i) f has at most a finite number of positive fixed points and positive prime period-
two pairs.
(iii) f has exactly one relative extreme point at some x = p with u > 0.
(iv) In the case of a relative maximum for f, every prime period-two point p of f
satisfies p > . In the case of a relative minimum for f, every prime period-two

point p of f satisfies p < .
We have the following conclusions:

(a) In the event that f(x) < x as x— oo, then for every initial value xo > 0, the
solution {f"(xy)} converges either to a non-negative fixed point of f or to a positive
prime period-two pair of f.

(b) In the event that £(x) > x as x — oo, then for xy € [m, Xpax], the solution { f"(xq)}
converges either to a fixed point of f or to a positive prime period-two pair of f in
the interval [m,Xn.]. When xo € (0,m) | Fmax, ), the solution {f"(xo)}
diverges to infinity. If f has no fixed points, then every solution diverges to infinity.

Proof.

Before conducting the details of this proof, we outline the main ideas. First, we point
out that it is sufficient to study the convergence properties of 2 since the fixed points of f2
(with the possible exception of 0) are either the fixed points of f or the positive prime
period-two points of f. An important element of the proof is that if the function f has a
single critical point, then the function f? has all of its fixed points contained within either
one or two intervals in which f? is strictly increasing. The elementary graphic method of
iteration can easily prove convergence properties of solutions when the function is strictly
increasing. On the intervals where £ is not strictly increasing we will be able to show that
within a finite number k of iterations, f>*(xo) will be in an interval where f? is strictly
increasing. We will also show that for every initial value xy € (0, 00), either xq or f(xg) will
lie in an invariant interval I such that f(/) C I, where we will have been able to prove the
convergence properties of f2"(x,) for any xo € I as outlined above. This last step insures
that we will also be able to handle the convergence properties of f2"*!(xy). Now we give
the details of the proof.

Since f is a C! function, then the relative extreme point of f at u must be the unique
critical point, that is: f(u)=0. The critical points of f? must satisfy
(f2)(x) = f(f(x))f'(x) = 0, so that they occur exactly when x = u and at any x-values
such that f(x) = . Since f has exactly one relative extreme point, then there are at most
two positive solutions to f(x) = w, say w; and o, with u; < u,. Furthermore the fact that
1 is the unique relative extreme point of f implies pu; < w < uy.

Case 3.3.1. The relative extreme point of f is a relative minimum.
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Since f has exactly one critical point at x = w and it is a relative minimum, then f is
strictly decreasing for x = u and strictly increasing for x = w. This implies that f has an
absolute minimum at x = .

Case 3.3.1.1. Assume that f(w) = u.

Case 3.3.1.1.1. Assume that f(x) < x as x — o0,

Since f is strictly decreasing for x = u, then f(x) > f(u) = w for all x < u. Thus,
if xo € (0, w), we have f(xo) > w. Without loss of generality, xo € [w, o). Since f is
strictly increasing on the interval [u, o) and f(u) = w, we may apply Theorem 2.9 to
obtain the conclusion that for every xo € [, ), the solution { f"(xo)} converges to either
a fixed point of f or a positive prime period-two pair in this interval.

Case 3.3.1.1.2. Assume that f(x) > x as x — oo,

Note that if f has no fixed points, then f(x) > for all x > 0. Clearly, for every xo > 0,
the solution { f"(xo)} diverges to infinity. So assume that f has at least one fixed point, and
thus Xpax must exist.

Case 3.3.1.1.2.1. Assume that there is a value m, 0 < m < u, such that f(m) = Xnyax.

Since f is strictly decreasing on (0, u] and strictly increasing on [, ), then the only
intervals in which f(x) > Xnax are (0,m) and (Xmax, ©0). Since f(x) > x for x € (Xmax, ),
then the solution {f"(xp)} diverges to infinity for xo € (0, m)J (Xmax, ). In the interval
[m, Xmax], observe that the absolute maxima of f occur at m and X.x, and the absolute
minimum of f occurs at u. Since f(m) = f(Xmax) and f(w) = pn > m, then f([m, Xmax]) C
[t Xmax] C [m, Xmax]. Since f is strictly increasing on [, Xmax],f(®) = u, and
f(Xmax) = Xmax, then by Theorem 2.10, for every xo € [, Xmax], the solution {f"(xq)}
converges either to a fixed point of f or to a prime period-two pair in this interval.

Case 3.3.1.1.2.2. Assume that there is no value m, 0 < m < u, such that f(m) = Xax.

Since f is strictly increasing on (Xpax, ) and f(x) > x for x € (Xpax, ), then the
solution {f"(xp)} diverges to infinity for every xo € (Xmax, ). Since f is strictly decreasing
on (0, ] and there is no solution to f(m) = Xmax With 0 < m < u, then 0 < f(x) < Xpax
for x € (0, u]. Since f is strictly decreasing on (0, ] and f(w) = u, then f(x9) € [, Xmax]
for xy € (0, w). Thus, we only need to handle xy € [, Xnax]- Since f is strictly increasing
on [u, Xmax ], () = u, and f(Xmax) = Fmax, then for every xo € [w,Xmax], the solution
{f"(x0)} converges to a fixed point of f in this interval by Theorem 2.10.

Case 3.3.1.2. Assume that f(uw) < u.

Figure 1 illustrates the graph of f for this case and, in particular, the Case 3.3.1.2.1.

Since f is strictly decreasing on the interval (0, w), there is exactly one fixed point of f,
say X, in the interval (0, u). Suppose that u; exists (defined just before Case 3.3.1).
We claim that u; < x. We have f(u;) = u > X = f(X). Since f is strictly decreasing on
the interval (0, w), then w; < X as claimed.

We also claim that any prime period-two point of f must lie in the interval (u;, w).
By assumption any prime period-two pair of f, (p;,p>) and we choose p; < p,, must
satisfy 0 < p; < pp < u. Since f is strictly decreasing on (0, u],0 < u; < u, and
f(u1) = p, then f(x) = w for x = w;. This shows that f(p;) = p» < w implies p; > u;.
Thus, u; < p; < p2 < w, proving the claim.

Suppose u, exists (defined just before Case 3.3.1). If f has any other fixed points
besides X, we claim that they must lie in the interval (u,, o). Let ¥ > u denote any
another fixed point of f, if it exists. We have f(¥) =X > u = f(u2). Since f is strictly
increasing on the interval (w, %), then we must have ¥ > u, as claimed.

Case 3.3.1.2.1. There are exactly two positive values say x = u; and x = u, such that
f(x) = u, where we take w; < w,.

We now consider the graph of £2. Figure 2 illustrates the graph of £ for this case.
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Figure 1. Graph of y = f(x).

Recall that 2 has exactly three critical points at u, u; and u,. Since f(uw) is the
absolute minimum value of f, then by the assumptions of Case 3.3.1.2.1, the absolute
minima of £ must occur exactly at u; and w, with f2(u;) = f(w) and f2(u2) = f(w). The
remaining critical point w of > must be a relative maximum for f2. Thus f? is strictly
decreasing on the intervals (0, w;] and [, ], and f2 is strictly increasing on the intervals
[wr, ] and [uo, 00).

We saw earlier that all of the fixed points of f2 are greater than w;. Since f? is strictly
decreasing on (0, ;] and £2 has no fixed points in (0, ], then f2(x) > x for x € (0, u1].

Also note that f2(us) = f(u) < w < . Let X, denote the smallest fixed point of f
besides x. If X, does not exist, then define X, = co. We saw earlier that X, > u,. Since
f2(up) < o and f? has no fixed points in the interval [u,X;), then f2(x) < x for
X € [p,X2).

Let us summarize the properties of 2 :

(i) f? is strictly decreasing on the intervals (0, w;] and [w, u2].
(i) f? is strictly increasing on the intervals [w;, u] and [us, ).
(iii) £2 has absolute minima at x = w; and x = u,, and f2(w1) = 2 (w2) = f(w).
(iv) f? has a relative maximum at x = .
(v) The smallest positive fixed point of f occurs at x = X with u; < x < u < u».
(vi) f2(x) > x for 0 <x =, and f2(x) <x for w =x <X, where X, is the
smallest fixed point of f that is greater than X. If X, does not exist, then f(x) < x
for all x = .
(vii) All of the positive fixed points of f besides X, if any, occur in the interval
(2, ).
(viii) All of the prime period-two pairs of f occur in the interval (u;, w).

Case 3.3.1.2.1.1. Assume that f(x) > x as x — oo,
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Figure 2. Graph of y = f(f(x)).

Since f(u) < w and X < u, then there must exist at least one other fixed point of f
greater than p. By property (vii), Xpnax satisfies Xnax > to. We claim that if m > 0 exists
(defined before the statement of Theorem 3.3), then m < u;. Since pu < wy < Xmax and
f is strictly increasing on [, Xmax], then f(u2) < f(Xmax) = Xmax. Since 0 <m < w,0 <
< w,f(u) = p=rf(u) <f@Emax) = f(m), and f is strictly decreasing on (0, n], then
m < u as claimed.

We are first going to prove for the case m > 0 that if xo € (0,m) | (Rmax, ), the
solution {f"(xy)} diverges to infinity. Figure 2 illustrates Case 3.3.1.2.1.1 with m > 0.
For the case m = 0, the result is that for xg € (Xmax, ), the solution {f"(x()} diverges to
infinity. We will not give the proof for the case m = 0, since it is a minor variation of the
argument for the case m > 0.

Since f is strictly decreasing on (0,m) and f(m) = Xnax, then for every xy € (0, m),
we have f(xg) € (Xmax, ©). Next, consider the case xg € (Xmax, ). But in the interval
(Xmax, ), f itself is strictly increasing. Since f has no fixed points greater than Xp,, then
f(x) > x for x > X By the elementary graphic method of iteration, f"(xg) — o as
n— 00 for xo € (Zmax, ). This shows that for every xo € (0,m) | (Xmax, ©°), the solution
{f"(xo)} diverges to infinity.

So, we are left to deal with xg € [m, Xnax]. Since the absolute minimum value of f is
F(w) = f2(u1) > w1, then f(xo) > wy for xo € [m, Zmax]. In the interval [m, Xmacl, f has
absolute minima at u; and u,, and a relative maximum at u. Thus, the maximum value of
f in this interval occurs at either m, u, or Xmax. Since f2(m) = f2(Fmax) = Tmax and
fz(,U«) < < Xpax, then f(x) = Xpmax for x € [m, Xmax]. Thus, f([m, Xnax]) C [m, Xmax]-

Next, we show that for every xo € [m, Xmax], the solution f 21(x0) converges to a fixed
point of f? in this interval. Since the absolute minimum value of f? is f2(w;) > w1,
then we can assume xy € [, Xmax]. Consider the case xo € [X2, ¥max]. Since f2(Xy) =
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X2, f 2(Fmax) = Fmax and f 2ig strictly increasing on the interval [X, Xmax ], by Theorem 2.10
the solution {f>"(xo)} converges to a fixed point of 2 in this interval. Next, suppose that
Xo € [, X). Since f?(x) < x in this interval, then for k sufficiently large we have
F*(xo) = . So, we are left to consider xg € [y, u]. Since £2(w1) > w1, 2(w) < u, and
f 2 s strictly increasing on the interval [, ], then by Theorem 2.10 we have f 21(x0)
converges to a fixed point in this interval. So we have shown that for every xo € [m, Xmax],
f 2n(x0) converges to a fixed point of f 2 in this interval. Since J([m, Xmax]) C [m, Xmax], by
Lemma 2.8(c), for every x € [m, Xmax], f " (x0) converges to a fixed point of f or to a prime
period-two pair of f in this interval.

We point out that if m does not exist, then the proof is similar to the proof above and
even somewhat simpler, and we dispense with the details.

Case 3.3.1.2.1.2. Assume that f(x) < x as x — oo,

First suppose that xy € (0, w;]. Since the absolute minimum of £ 2 is f(w;) > w1, then
f?(x0) = 1. So we can assume that xy € [u, ). Define X to be the smallest fixed point
of f besides X, if it exists. If X does not exist, take X = oo. Consider the case xy € [X,, ).
We showed earlier that X, > w, > u. The function f itself is strictly increasing on the
interval [X;, 00). Since f(X;) = X, and f(x) < x as x — oo, by Theorem 2.9, the solution
{f"(xo)} converges to a fixed point of £ in the interval [,, o).

We are left to handle the case xyp € [u,X2). By the same argument as in Case
3.3.1.2.1.1, the solution {f>"(x,)} converges to a fixed point in this interval. We have now
shown that {f*"(xy)} converges to a fixed point of f? for every x, > 0. Since 0 is not a
fixed point of f2 (£ is strictly decreasing on (0, u;]), then by Lemma 2.8(b), for every
xo > 0, the solution {f"(xo)} converges either to a positive fixed point of f or to a positive
prime period-two pair of f.

Case 3.3.1.2.2. There is exactly one positive solution to f(x) = u, say x = w;, and
consider the case pu; < u.

This is a somewhat simpler case than Case 3.3.1.2.1 with many of the same arguments
in the proof. Similar to Case 3.3.1.2.1, one can show that f2 has the following properties:

(1) f has exactly one fixed point X and pu; < x < .
(i) Any prime period-two points of f must lie in the interval (u, u).
(iii) f?2 has an absolute minimum at ;.
(iv) f? is strictly decreasing on the interval (0, w;].
(v) f?is strictly increasing on the interval [w, u].
(vi) fz(x) >xfor0<x=pu andfz(x) < x forx = pu.

We claim that for every xo > 0, solution {f*"*(x)} converges to a fixed point of f2.
First consider the case xp € (0,u;]. Since the absolute minimum value of f is
f(w) =f2>(u1) > py, then we are reduced to considering the case xo € (u;, ). First,
examine when xp is in the subinterval [u, ). Since f2(x) < x for x € [u, %), then for k
sufficiently large we have f2(xo) = u. So we are left dealing with xo € [, u]. Since £>
is strictly increasing in this interval, f>(u;) > w1, and f?(u) < u, then by Theorem 2.10
every solution {f **(x()} must converge to a fixed point of 2 in this interval. Similar to the
argument in Case 3.3.1.2.1.2, for every xo > 0, the solution {f"(xo)} converges either to a
fixed point of f or prime period-two pair of f in the interval [w;, u].

Case 3.3.1.2.3. There is exactly one positive solution to f(x) = u, say x = up, and
n< ua.

Since f(w) = f*(uy) is the absolute minimum value of f2 and w is the only other
critical point of f2, then f? is strictly decreasing on the interval [u, us] and strictly
increasing on [u,0). Since f(u) < X < p and f is strictly decreasing on (0, w], then
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f2(w) > f(X) = f*(X). Thus, f? is strictly increasing on (0, u]. Since there is no x-value
where f(x) = w for x < u, then f(x) < w for all 0 < x < w. Since f is strictly decreasing
on (0, u], then lim,_,o f(x) = a for some finite positive value of a. Thus, f can be extended
to be continuous at 0. This means that f2 is also continuous at 0, and note that
lim,—of2(x) = lim,—,f(x) = f(a) > 0.

We sum up the properties of f2:

(i) In the interval (0, w), f has exactly one fixed point X.
(ii) If f has any more fixed points X' besides %, then ¥ > u,.
(iii) Any prime period-two point of f must lie in the interval (0, w).
(iv) f2 has a relative maximum at w and an absolute minimum at w, with
fHp2) = f(w).
(v) f? is strictly decreasing on the interval [w, wo].
(vi) f 2 g strictly increasing on the intervals (0, w] and [u,, ©0).
(vii) f2(x) < x for x € [u,X»), where X, is the smallest fixed point such that X, > %.
If X, does not exist, then f2(x) < x for all x € [u, ).
(viii) f2 can be extended to be continuous at 0 and £2(0) > 0.

Case 3.3.1.2.3.1. Suppose that f(x) > x as x — oo,

By the same reasoning as in Case 3.3.1.2.1.1, there exists Xyax > w such that Xy 1S a
fixed point of f,f(x) > x for all x > Xp.«, and f is strictly increasing on [Xpmax, ©).
By Theorem 2.9, for every xo € (Xmax, ), the solution {f"(xp)} diverges to infinity.
Clearly, f(Xmax) = Xmax- S0 we are left to deal with the case xy € (0, X« ). If we can show
that { f"(xo)} converges to either a positive fixed point of f or a positive prime period-two
pair of f for every xyp € (0, Xmax), then we will be done with Case 3.3.1.2.3.1. Before we
prove this, first consider the other case when f(x) < x as x — co.

Case 3.3.1.2.3.2. Suppose that f(x) < x as x — oo.

If there exists a fixed point of f > w, then X,x > u must exist. Since f is strictly
increasing on [Xpax, ), then by Theorem 2.9 the solution {f "] converges to Xmax for
every xg € [Xmax, ). If Xnax does not exist, then choose Xn.x = 0. We are left to show
that f"(x) converges to either a fixed point of f or a positive prime period-two pair of f for
every xo € (0, Xmax)-

Thus, Cases 3.3.1.2.3.1 and 3.3.1.2.3.2 reduce to considering when xy € (0, Xax)-
The first half of the proof will be the same for both cases to handle these initial values.
Define X, to be the smallest fixed point of f besides X, if it exists. If X, does not exist,
choose X, = oo, By property (ii), X > uy > u. Suppose xg € [X2, Xmax]. Note that if
X = Xmax OF X, = 00, then there is nothing to do. Since f is strictly increasing on this
interval, by Theorem 2.10, the solution {f"(xo)} converges to a fixed point of f in this
interval. We are left dealing with the case xy € (0, X,). Since f%(x) < x for x € [u, %) by
property (vii), then for k sufficiently large we have f*(xo) = u. So, we are reduced to
considering xo € (0, u]. Since f? is strictly increasing and continuous on the interval
[O,M],fz(O) >0, and fz(,u,) < u, then by Theorem 2.10, for every xy € (0, u], the
solution { f*"(x) } converges to a fixed point of £ in this interval. We have shown that for
every xo € (0, Xnax], the solution {f 2(x0)} converges to a fixed point in this interval.

Suppose Xmax < 0. Since the only critical points of f 2 in the interval [0, X ] are w
and uo, and f2(uy) is the absolute minimum value of 2, then the maximum value of £
occurs at either 0, w, or Xmax. However, 2 is strictly increasing on [0, u], so that we only
have to consider p or Xp,.x. Note that f 2(/.L) < 0 < Xmax- Thus, the absolute maximum
value of £? in the interval [0, Xmax] iS f2(Fmax) = Xmax. Thus, f([0,Zmax]) C [0, Fmax]-
Since £ can be extended to be continuous at 0 and £2(0) > 0, then by Lemma 2.8(a), for
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every xo € (0, Xnax ], the solution {f"(xo)} converges either to a positive fixed point of f or
to a positive prime period-two pair of f. In the event that X;,,x = 0, we can invoke Lemma
2.8(b) to obtain the result that for every xy € (0, ), the solution {f"(x()} converges either
to a positive fixed point of f or to a positive prime period-two pair of f.

Case 3.3.1.2.4. There are no positive solutions to f(x) = .

Since f is continuous and f(uw) < u, then f(x) < pu for all x> 0. Suppose
0<x; <x <pu. Since f is strictly decreasing in the interval (0, u], we have
w > f(x1) > f(xp), and so f2(x;) < f2(xp). Thus, f? is strictly increasing on the interval
(0, w]. With a similar argument, one can show that f is strictly decreasing on the interval
[, ). This implies that £> has an absolute maximum at u, and since the absolute
maximum value of f is less than u, then f2(w) < . Since f? is strictly decreasing in the
interval [w, o0) andfz(,u) < W, then f2(x) < x for all x € [, 00).

We claim that every solution converges to a fixed point of f2. First consider the case
Xo € [, ). We have f2(xg) < u. Thus, we are left with the case xy € (0, u]. By the same
argument as in Case 3.3.1.2.3, one shows that £ can be extended to be continuous at 0 and
£2(0) > 0. Since f? is strictly increasing in the interval [0, u],f2(0) > 0 and f*(u) < u,
then by Theorem 2.10 every solution {f2"(xy}) must converge to a positive fixed point
of 2.

By Lemma 2.8(b), for every xo > 0, the solution {f"(x()} converges either to a positive
fixed point of f or to a positive prime period-two pair of f.

Case 3.3.2. The unique relative extreme point of f, at say x = w, is a relative maximum
with u > 0.

Since f has exactly one critical point at x = u and it is a relative maximum, then f is
strictly increasing for x = w and strictly decreasing for x = u. This implies that f has an
absolute maximum at x = u. Since f is strictly increasing and continuous on (0, u], then
lim,—o f(x) = 0 exists and is finite. Thus, we can extend f to be continuous on [0, ).

Suppose first that f(u) < w. Note that f(x) < w for all x > 0. Suppose xy € [, 00).
We have f(xg) < u. So, we are left with the case xo € (0, u]. Since f is strictly increasing
in the interval [0, u], f(0) =0 and f(n) < u, then by Theorem 2.10 every solution
{f"(x0)} must converge to a fixed point of f in the interval [0, u].

So, we now need to consider the case when f(u) > w, which is the main case.

Since f is strictly decreasing on the interval [, c0) and (1) > w, then there is exactly
one fixed point of f, say X in the interval (u, 0). Suppose that u, exists (defined just before
Case 3.3.1). We claim that X < u,. We have f(x) =X > u = f(u,). Since f is strictly
decreasing on the interval (u, ), then X < w, as claimed.

We also claim that any prime period-two point of f must lie in the interval (u, u).
By assumption any prime period-two pair of f, (p;,p2) and we choose p; < p,, must
satisfy u < p; < p». Since f is strictly decreasing on [u, ), u < u, and f(u2) = u, then
f(x) < p for x € [y, ). This implies pr < u, since f(pr) = p; > w. Thus, u < p; <
P2 < u, as claimed.

Suppose u; exists (defined just before Case 3.3.1). If f has any other fixed points
besides X, we claim that they must lie in the interval [0, w;). Let ¥ < u denote any other
fixed point of £, if it exists. We have f(¥') = ¥ < w = f(u1). Since f is strictly increasing
on the interval [0, w), then we must have ¥ < w; as claimed.

Since f can be extended to be continuous at 0, by Lemma 2.8(e), we conclude that for
every xo > 0 the solution {f"(x¢)} converges to either a non-negative fixed point of f or a
positive prime period-two pair of f if and only if f?"(xy) converges to a fixed point of £2.
So, we only need to consider the convergence properties of 2. We also point out that since
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f can be extended to be continuous on [0,00), then f? can also be extended to be
continuous on [0, o).

Case 3.3.2.1. There are exactly two values w; < p < up such that f(uw;) = f(u2) = .

Since f(w) is an absolute maximum of f, then the absolute maxima of f2 occur at
and w,. Since u; < w < u, and these are the only critical values, then the critical value
x = pmust give a relative minimum for f2. Since all of the fixed points of f2 are less than
w2 and £ is bounded, then f2(x) < x for x € [y, 00). Note that f2(u;) = f(u) > > w.
Since f2(u1) > w; and £2 has no fixed points in the interval [u;, u], then f2(x) > x for

X € [, pl.
Let us summarize the properties of f:

(1) We have the relationships pw; < pu < x < wp.
(ii) f? is strictly increasing on the intervals [0, ;] and [, 2], and strictly
decreasing on the intervals [, u] and [u;, 00).
(iii) f has exactly one fixed point X that satisfies u < x < u,.
(iv) Any other fixed point of f besides X lies in the interval [0, ).
(v) Any prime period-two point of f lies in the interval (u, u,).
i) f 2 has absolute maxima at M1 and w,, and a relative minimum at w.
(vii) f2(x) > x for x € [y, m] andfz(x) < x for x € [y, ).
(viii) f 2 can be extended to be continuous on [0, o).

We claim that for every xo > 0, the solution {f>"(x()} converges to a fixed point of f2.
First, suppose xo € [, ). Since f2(u,) < u» is the absolute maximum value of £ 2, then
f 2(xp) € [0, M2]. So we are left to deal with xo € [0, uy]. Let Xy denote the largest fixed
point of f besides X if it exists. Consider the case xo € (0,Xy] and we point out that
%y < i by property (iv). Since f? is strictly increasing on the interval [0, Xy],£2(0) = 0
and f%(Xy) = Xy, then by Theorem 2.10 every solution {f>"(xo)} converges to a fixed point
of £ in the interval [0, Zy]. Next, consider the case xy € (Xy, w) and take Ty = 0 if f has
no other fixed point besides X. Since there are no fixed points of 2 on the interval (%y, u]
and f%(w) > w, then f2(x) > x for x € (Xy, w]. Thus, there exists k sufficiently large
so that f%*(xg) = u. Since f*(u2) < uo is the absolute maximum value of f2, then
w = f?*(x0) = ua. So, we are left to consider the case xo € [u, w2]. Since f? is strictly
increasing on this interval, f2(u) = w and f%(uy) < mo, then by Theorem 2.10, every
solution {f?"(xo)} converges to a fixed point of £ in this interval.

Case 3.3.2.2. Assume there is a unique value w; such that f(u;) = w and consider the
case w; < W.

Since f(w) is the absolute maximum of f, then the unique absolute maximum of f?
occurs at u;. Observe that (f2) (%) = f'(f®)f' (%) = [f'(®)]*> > 0. Since u; and w are the
only critical values of f2, f2 has an absolute maximum at u,(f2)(%) >0 and
wi < u < X, we conclude that £ must have a relative minimum at w. Thus, f2 is strictly
increasing on the intervals [0, ;] and [u,o0), and strictly decreasing on the interval
[we1, m]. Let Xy denote the largest fixed point of f besides x. If X is the only fixed point of f,
then take xy = 0.

By the same argument as in Case 3.3.2.1, we have f?(x) > x for x € (X, u]. Since the
absolute maximum value of £2 is f2(u;) < o0, then f2(x) < x as x — 0,

Let us summarize the properties of f:

(i) f?is strictly increasing on the intervals [0, u;] and [, o), and strictly decreasing
on the interval [w, w].
(i1) f has exactly one fixed point X that satisfies X > w.
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(iii) Any other fixed point of f lies in the interval [0, ;).

(iv) Any prime period-two point of f lies in the interval (w, ).
(v) f2(x) > x for x € (Zy, u] and f2(x) < x as x — oo,

(vi) 2 can be extended to be continuous on [0, o).

We claim that for every xo > 0, the solution {f**(x()} converges to a fixed point of .
First, consider the case xy € (0, Xy]. By properties (i) and (iii), f? is strictly increasing in
this interval. We also have £2(0) = 0 and f2(Xy) = Xy. By Theorem 2.10, every solution
{f 2(x0)} converges to a fixed point of f 2 in the interval [0, Xy]. Next, consider the case
X0 € (Xy, m]. Since f 2(x) > x for x € (Xy, p], then for k sufficiently large we have
f*(x9) = . Thus, we are only left to consider xo € [u, ). Since f? is strictly increasing
in this interval, f2(u) > w and f2(x) < x as x — oo, then by Theorem 2.9 every solution
{f>"(x9)} converges to a fixed point of £2 in this interval.

Case 3.3.2.3. Assume there is a unique value w, such that f(u,) = w and consider the
case wp > W.

Since f(uw) is the absolute maximum of f, then the unique maximum of f2 occurs at ;.
Since f(u) > w and there is no value of x such that f(x) = u with 0 = x < u, then
f(x) > pforall x € [0, u]. Thus, f has no fixed point in the interval [0, u]. By assumption,
there are no prime period-two points of f in the interval [0, u]. Since there are no fixed
points for f2 in the interval [0, u] and f(0) > u, then f2(x) > x for x € [0, u]. Since
f?(uy) is the unique absolute maximum value of f2, and w and w, are the only critical
values of f2, then f? is strictly increasing in the interval [u, u,]. It also follows that since
f?(uy) is the absolute maximum of £ 2 and there are no critical values greater than u,, then
f?is strictly decreasing on the interval [u,, %). Since £ is bounded and has no fixed point
in the interval [u,, ), then f2(x) < x for x € [us, ).

Let us summarize the properties of f:

(i) f? is strictly increasing on the interval [u, u»] and strictly decreasing on the
interval [u,, o).
(ii) f has exactly one fixed point X and it satisfies u < X < u,.
(iii)) Any prime period-two point of f lies in the interval (w, u,).
(iv) f2(x) > x for x € [0, u] and f2(x) < x for x € [y, o).

We claim that for every x, > 0, the solution {f**(x,)} converges to a fixed point of .
First, suppose xo € [u2, ). Since f2(u2) < o is the absolute maximum of f2, then
f2(x0) € [0, ua]. Next suppose xo € [0, u]. Since f2(x) > x for x € [0, ] and the
absolute maximum value of f? is less than u,, then for k sufficiently large we have
fzk(xo) € [w, u2]. We are left to consider the case xy € [, w2]. Since f2 is strictly
increasing in this interval, f2(u) > w and f2(u2) < uo, then by Theorem 2.10 every
solution {f*"(xo)} converges to a fixed point of £ in this interval.

Case 3.3.2.4. Assume there is no value x such that f(x) = u.

Similar to the arguments in Case 3.3.1.2.4, we have f? is strictly decreasing in the
interval [0, u] and strictly increasing in the interval [u, 00). Since there is no x-value such
that f(x) = w and f(w) > w, then for all x € [0, u] we have f(x) > u. Thus, there are no
fixed points of f in the interval [0, u]. Since f is strictly decreasing on (u,o0) and
f(w) > u, then there must exist exactly one fixed point X of f in this interval. We conclude
that f has exactly one fixed point in [0, 00). By assumption, f has no prime period-two
points in the interval [0, w]. Since f? is strictly decreasing on [0, u], and has no fixed point
in this interval, then f2(x) > x for x € [0, u]. From the fact that the absolute maximum
value of f2 is f(u), we conclude that f2(x) < x as x — o0,
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Let us summarize the properties of f:

(i) f? is strictly decreasing on the interval [0, u] and strictly increasing on the
interval [, 00).
(ii) f has exactly one fixed point X and it satisfies ¥ > w.
(iii) Any prime period-two point of f lies in the interval (u, 00).
(iv) f*(x) > x for x € [0, u] and f2(x) < x as x — o0.

We claim that for every xo > 0, the solution { f**(x()} converges to a fixed point of f 2.
First, suppose xo € (0, w). Since f2(x) > x for x € [0, u], then for k sufficiently large we
have f%*(xo) = u. We are left to deal with the case xy € [u, ). Since f2 is strictly
increasing in this interval, f2(u) > wand f%(x) < x as x — oo, then by Theorem 2.9, every
solution {f>"(xg)} converges to a fixed point of f 2 in the interval [, 00). O

4. Applications to rational difference equations

In this section, we consider all difference equations of the form

A2 +Bx, +C

= 2
ax2 + Bx, +y @

Xn+1
with non-negative parameters A, B, C, «, 3 and y. We will find necessary and sufficient
conditions on the parameters and positive initial values for convergence of solutions of this
equation. Any case that reduces to the form x,.; = (Dx, + E)/(6x, + €) will not be
addressed, since the convergence properties of this difference equation are known.
All cases of this type are covered in a book by Camouzis and Ladas [3] in Appendix
A. The relevant difference equations are numbered (17), (23), (41), (42) and (65) in
Appendix A. We will also not cover the case when x,; =Axﬁ + Bx, + C, as the
convergence properties of this case are well known.

THEOREM 4. The solutions of the difference equation (2) above converge either to a fixed
point of f or to a prime period-two pair of f for every non-negative choice of the
parameters and every choice of positive initial values, with the following exceptions:

(a) Suppose A=0,B>0,C>0,a>0,8<aC/B and y=0. Let X denote the
unique positive fixed point of f that is a root of the equation
ax® 4 Bx% — Bx — C = 0. Then for every xy € (0,%) the solutions f*'(xo) — 0
and 21 (xg) — 00 as n— oo. For every xy € (%, ) the solutions " (xo) — o0
and £+ (xg) — 0 as n — oo.

(b) Suppose A=0, B=0, C>0, «a>0 and y=0. Let X denote the unique
positive fixed point of f which is a root of ax> + Bx* — C = 0. Then for every
xo € (0,X) the solutions fz”(xo)—> 0 and f2"+1(x0)—> 00 as n— oo. For every
Xo € (%, ) the solutions f>"(xg) — 00 and {1 (xg) — 0 as n — .

(c) SupposethatA > B> 0and o = 0. Also assume that either (y — B)> < 4(A — B)C
or B = . In this case, for every xo > 0, the solution f"(xy) — 0 as n — oo,

(d) Suppose that A > B> 0,a=0,(y— B)> = 4(A — B)C and B < .

Let X, denote the largest fixed point of f which equals

L _Y= BV B —4A-p)C
max Z(A_B) .
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If xo € (0, Xmax], then the solution {f"(xg)} converges to a fixed point of f.
If xo € (Xmax, ) then the solution f"(xg) — 00 as n — 0.

(e) Suppose that A= 3> 0,a =0, and either B> vy or both B= vy and C > 0.
Then for every xo > 0, the solution f"(xy) — 00 as n — oo,

Proof.

Case 4.1. Assume that A > 0 and o > 0.

By the change of variables x, — Ax, /«, we can assume A = a = 1. Equation (2) can
be expressed in the form:

x2+ Bx, +C

oy i) 3)

Xn+1 =

We can also assume that C and vy are not both zero, since otherwise the difference
equation reduces to the well-known linear case in numerator and denominator.
We calculate the derivative of f(x) :

(B—B)x>4+2(y—Cx+By—CB

! —
f (-x) - (_X2 +BX+ 7)2

“

Setting the derivative of f(x) equal to zero, we find that the critical values must satisfy
(B—B)x>+2(y— C)x+By—CB=0. 5)

We claim that f has at most one positive critical value, as we now show breaking the
argument up into Cases a, b and c.

Case a. Suppose 3 — B > 0.

A necessary condition for two positive solutions to equation (5) is y — C < 0 and
By — CB > 0. However, 8> B and y < C imply By < CB.

Case b. Suppose B — B < 0.

A necessary condition for two positive solutions to equation (5) is y— C > 0 and
By — CB < 0. However, B8 < B and y > C imply By > Cp.

Case c. Suppose B — B = 0.

If B — B = 0, then equation (5) clearly has at most one root.

We next claim that if f has no relative extreme point, then every solution converges
either to a fixed point or to a positive prime period-two pair of f. For if f has no relative
extreme point, then f must be strictly increasing or strictly decreasing for all x > 0. First
consider the case that f is strictly increasing. Inspecting equation (5), we obviously must
have y > 0. This then implies that f is bounded and so f(x) < x as x — oco. Since f is
strictly increasing, we can extend f so that it is continuous at the origin and f(0) = 0.
By Theorem 2.9, for every xo > 0, the solution {f"(xo}) converges to a fixed point of f.
Next, consider the case f is strictly decreasing. Observe that lim,_.. f(x) = 1. By Theorem
3.1, the solution {f"(x()} converges to either the unique fixed point of f or a positive prime
period-two pair of f.

We now consider the main case that there is exactly one relative extreme point for f.
We first investigate the number of fixed points of f. It is easy to check that any fixed point
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X of f must be a root of the equation
g®H=%+B-Dx>+(y—Bx— C=0. (6)

If C =0, then clearly x = 0 is a fixed point. If C > 0, then there is certainly at least
one positive fixed point since g(0) = —C and g(x) > 0 for x sufficiently large. Since g(x) is
a cubic, then there are at most three fixed points. Recall that f(x) < x as x — oo. If f has no
prime period-two pair, then by Theorem 3.3, for every xo > 0 the solution {f"(x)}
converges to a fixed point of f.

So, we are left to deal with the situation that f has exactly one critical point that gives a
relative extreme point, and f has at least one prime period-two pair.

From equation (3), we see that any prime period-two pair must satisfy both of the
following two equations:

P +Bp+C
Pl B+
and
P+ Bp+C
S PA Bty
After some algebraic manipulation, one can show that
prtp= A IEED, ™

Observe that since f € C((0, c0) X (0, 00)), then by Lemma 2.7, any prime period-two
pair of f must be a positive prime period-two pair. If there is a positive prime period-two
pair, obviously it must satisfy

P1

C—B+ypB+1D
v+ B+1 '

This shows that a necessary condition to obtain a positive prime period-two pair is that

max(pi,pr) < (8)

C>B+y@EB+1). C))

In the remainder of the proof of Theorem 4, denote the unique positive critical value of
/by p.

Case 4.1.1. Assume that 8 > B.

Since we are dealing with the case that there is at least one prime period-two pair, then
from equation (9) we see that C > v. Observe that By < Cf. From equation (4), we see
that f'(x) < 0 for x sufficiently small and f’(x) > 0 for x sufficiently large. Thus, the
critical value at w gives a relative minimum for f. Observe that lim,—. f(x) = 1 so that
f(x) < x as x— oco. We will be able to use Theorem 3.3 to conclude that every solution
f™(xp) will converge to a positive fixed point or positive prime period-two pair of f as long
as we show that every prime period-two point of f is less than .

Let i/ = 0 be the other root of equation (5). Then we have

) _2AC—y)
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This implies

2C—v
=>__ 7
=5-B (11)
By equations (8) and (11), it is sufficient to show
C-B+yB+D _2AC—v (12)

Y+ B+1 ~ B-B
Thus, we only need to show that
[C—=B+B+DIB—B =2C—yy+B+D.
This is equivalent to showing
CRy+B+B+2)=2%y+B+ 1D+ B - PB+B+1).
Since C > (B + y)(B + 1), it is sufficient if
B+PB+D2y+B+B+2)=2vy+B+DH+B-PB+ B+,
which reduces to
2(y+ B+ DIB(y+B)+B] =0,

and this inequality is clearly true.

Case 4.1.2. Assume that S < B.

Recall that equation (9) implied that y — C < 0. From equation (5), we see that we
must have By — Cf3 > 0 in order for there to be a relative extreme point. This implies that
v > 0. In equation (3), make the change of variables y, = C/(yx,). Equation (3) can be
rewritten in the form

2 2 2 3
2 4 CByn/y> + C2/y

Yo = h(yy) = 2T CBI/Y £ C Ty (13)
Y2+ By./)y+C/y

Since both C > 0 and y > 0, observe that O is not a fixed point of 4. Thus, X > O is a
fixed point of f if and only if C/(yX) is a positive fixed point of 4. Similarly, (p;,p) is
a positive prime period-two pair of f if and only if (C/(yp1), C/(yp2)) is a positive prime
period-two pair of A. If & is a monotone function, then by Theorem 2.9 or Theorem 3.1, for
every yo > 0, the solution {A"(yg)} converges to either a positive fixed point or positive
prime period-two pair of 4. By continuity, choosing yo = C/(yxo), for every xo > 0 the
solution {f"(x)} converges to either a positive fixed point of f or positive prime period-
two pair of f. If & is not monotone, then it must have exactly one critical value that is a
relative extreme point. Since By > Cp, then B/y > CB/y*. Thus, we are back in Case
4.1.1. By that case, for every yo > 0, the solution {A"(yo)} must converge to either a
positive fixed point or positive prime period-two pair of 4. Once again by continuity, for
every xo > 0, the solution {f"(xg)} converges to either a positive fixed point of f or
positive prime period-two pair of f.

Case 4.2. Assume that A = 0,B > 0, and o > 0.
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After the change of variables x,, — x,/B/«, we can assume that B = 1 and @ = 1. So,
the difference equation has the form

x, +C

= 2+ Bty = f(xn)- (14)

Xn+1

It is easy to check that any prime period-two pair (p,p,) are roots of the equation
w2 4+ [B1 47y — Clx+ y(1+ 9 =0. (15)
If y > 0, in order for these two roots to be positive, it is necessary and sufficient that
C> B+ (16)
and
[C = B(L+ )P > 4y*(1 + ). a7
If y = 0, then there are no prime period-two pairs. Since

—x2—-2Cx+vy—- BC

!
) = ) (18)
! @2+ pr+ )
any critical value must be a root of the equation
—x?—=2Cx+vy—BC=0. (19)

Also note that f(x) < x as x — oo,

Case 4.2.1. Assume that y — BC = 0.

In this case, f is strictly decreasing. If y >0, then lim,_of(x) = C/y < 0.
By Theorem 3.1, for every xy > 0 the solution f"(xy) converges either to a fixed point of f
or to a positive prime period-two pair of f. If vy =0 and C = 0, the difference equation
reduces to the well-known case f(x)=1/(x+pB). If y=0 and C >0, then a
straightforward calculation shows that lim,_qf%(x)/x = B8/C. If y=0and 8 > C > 0,
then by Theorem 3.1 for every xo > 0 the solution f"(xy) converges to either a fixed point
or a positive prime period-two pair of f. If y = 0 and B = C > 0, then f(x) = 1/x which is
well known. We saw earlier that f has no prime period-two pair when y = 0. Let X denote
the unique positive fixed point of f. If y=0,C > 0 and 8 < C, by Theorem 3.1, for
0 < xg <X we have fz"(xo)—>0 and fz”“(xo)—» o as n— 00, When X < xp < o0 we
have f2"(xp) — o0 and f2"*!(xy) — 0 as n— oo. Obviously if xy = X, then that is just a
fixed point of f. Recall that we made the change of variables x, — x,\/B/« at the
beginning of Case 4.2. If we convert back to the original parameters, we obtain the
following conditions: A =0,B>0,C > 0,a > 0,8 < Ca/B and y = 0. Observe that
this result is exception (a) in the conclusion of Theorem 4.

Case 4.2.2. Assume that y — 8C > 0.

In this case, f has one unique relative extreme point that is a relative maximum, as can
be seen from equation (18). It is easy to calculate that any fixed point X of f must satisfy

PP+ (y—-Dr—C=0. (20)
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Observe that equation (20) must have at least one non-negative root. If f does not have
a positive prime period-two pair then by Theorem 3.3, for every xo > 0 the solution
{f™(xo)} must converge to one of its non-negative fixed points. Suppose f does have a
positive prime period-two pair. From equation (15), it is clear that it has at most one such
pair of solutions, say (p1,p2). From equation (15), we see that

C— B+ —VIC— B+ PP —4y2(1 + )
2y

1 - I_M' (1)
[C— B+ )P

min(p] ,[_72) =

_C—B+7)
2y

From equation (19), we see that the critical value w must satisfy

1. (22)

y—BC
C2

p=—C++\/C?+y—BC=C|y/1+

Sincel =1 —a=a/2forall0 <a =< 1and1+a—1<a/2foralla >0, then
by equations (21) and (22) we obtain

B 4§ e )
min (P, p2) = C— B+ (23)
and
y— BC
< Tl 24)

By Theorem 3.3, every solution of f will converge either to a fixed point of f or to the
unique positive prime period-two pair as long as u = min(p;, p»). By equations (23) and
(24), it is sufficient to show that

y—BC_ vy(+vy
2C T C-Bl+y)’

or equivalently,
Cy+2y>+ BO) + Bl + y)(y — BC) = 0.

However, this equation is true since y — SC > 0.
Case 4.3. Assume that A =0, B=0, C>0and « > 0.
The function f has the form

C

IO = gty

(25)
It is easy to check that f is strictly decreasing.
Case 4.3.1. Assume that y > 0.
In this case, we have lim,—of(x) = C/vy. By Theorem 3.1, every solution of
f converges to either a positive fixed point of f or a positive prime period-two pair of f.
Case 4.3.2. Assume that y = 0.
It is easy to calculate that lim,_of(x) = 00, lim,—ef(x) =0 and lim,f2(x)/
x? = B?/(aC). It is also easy to check that there are no positive prime period-two pairs.
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Since f is strictly decreasing, there must be a unique positive fixed point, say X, of f which
is a root of ax?® + Bx* — C = 0. By Theorem 3.1, for every xo € (0, %), f *(xo) converges
to 0 and £ 2"*1(x,) diverges to infinity. Furthermore, for every xo € (%, o), f **(xo) diverges
to infinity and £2"*!(xy) converges to 0. Observe that this case is exception (b) in the
conclusion of Theorem 4.

Case 4.4. Assume that A > 0, «a =0 and 8 > 0.

The difference equation takes the form

AX®> +Bx, +C
n :niE n). 26
Xn+1 B, + 7 fGxn) (26)

In this case, there are no positive prime period-two pairs since a simple calculation
shows that any positive prime period-two pair (p1, p») must satisfy A(p; + p») = —y — B.
It is easy to check that any fixed point X of f must satisfy

A-Bx*+B—yx+C=0. 27)
It is easy to calculate that

ABx? +2Ayx+By— CB
(Bx+ )’

flx) = (28)

Thus, f has at most one positive critical value.

Observe that if By — CB = 0, then f is strictly increasing. If By — C8 < 0, then f has
a unique positive relative minimum.

Case 4.4.1. Assume that A > 3.

Case 4.4.1.1. Assume that either (y — B)? < 4(A — B)CorB—vy=0.

In this case, equation (27) has no positive roots and thus there are no positive fixed
points for f. Since f(x)/x— A/B > 1 as x — oo, then clearly f(x) > x for all x > 0. This
implies that f"(xg) — o0 as n— oo for every xo > 0. Observe that this case is exception
(c) in the conclusion of Theorem 4.

Case 4.4.1.2. Assume that (y — B)? = 4(A — B)C and B — vy < 0.

In this case, there are one or two non-negative fixed points. The larger (or only) fixed
point of f is

L _y=B+V(y-B -4 - pC
max 2(A_B) .

Observe that f(x)/x— A/B > 1 as x — .

Case 4.4.1.2.1. Assume that By — C8 = 0.

As we observed earlier by examining equation (28), in this case f is strictly increasing.
By Theorem 2.9, the solution {f"(xp)} converges to a fixed point of f if x € (0, Xmax] and
diverges to infinity if xo € (Xmax, ).

Case 4.4.1.2.2. Assume that By — C8 < 0.

As we observed earlier by examining equation (28), in this case f has a unique relative
minimum at say w. We will now investigate to see whether there exists a value m < u such
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that f(m) = Xmax, Or equivalently
Am?* + (B — BEma)m + C — YEmax = 0. (29)

Since we know Xy 1S a solution of this equation, then m — X, is a linear factor. It is
easy to check that the other linear factor is Am 4 (A — 8)Xmax + B. Thus, there is no non-
negative solution to equation (29) for m. By Theorem 3.3, the solution {f"(xo)} converges
either to a non-negative fixed point of f or to a positive prime period-two pair of f if
X0 € (0, Xmax], and diverges to infinity if xg € (Xax, ).

Observe that the results of Cases 4.4.1.2.1 and 4.4.1.2.2 give exception (d) in the
conclusion of Theorem 4.

Case 4.4.2. Assume that A =  and either B > v, or both B =y and C > 0.

In this case, equation (27) has no positive roots and so there are no positive fixed
points. Also, it is easy to see that f(x) > x as x — oo. This implies that f(x) > x for all
x > 0. Obviously, for every xo > 0 the solution {f"(xo)} diverges to infinity. Observe that
this case is exception (e) in the conclusion of Theorem 4.

Case 4.4.3. Assume that A= 3, B=vyand C = 0.

This is the trivial case f(x) = x.

Case 4.4.4. Assume that either 0 < A < Bor both A = B and B < .

It is easy to check that f(x) < x as x — co. From equation (27), it is obvious that there
must be either one or two non-negative fixed points of f. By either Theorem 2.9 or
Theorem 3.3, for every xy > 0 the solution {f"(x¢)} converges to a fixed point of f. [

References

[1] R. Abu-Saris, C. Cinar, and I. Yalcinkaya, On the asymptotic stability of
Xn+1 = (a + X, Xp—) /(X + x,—1), Comput. Math. Appl. 56 (2008), pp. 1172-1175.

[2] A. Blokh and J. Bobok, Asymptotic behavior of the entropy of interval maps, J. Differ. Equ.
Appl. 15(1) (2009), pp. 1-11.

[3] E.Camouzis and G. Ladas, Dynamics of Third-Order Rational Difference Equations with Open
Problems and Conjectures, Chapman & Hall, CRC, Boca Raton, FL, 2008.

[4] D.M. Chan, C.M. Kent, and N.L. Ortiz-Robinson, Convergence results on a second-order
rational difference equation with quadratic terms, Adv. Differ. Equ. 2009 (2009), pp. 1-7, Art.
ID 985161.

[5] J.M. Cushing and S.M. Henson, A periodically forced Beverton—Holt equation, J. Differ. Equ.
Appl. 8(12) (2002), pp. 1119-1120.

[6] M. Dehghan, C.M. Kent, R. Mazrooei-Sebdani, N.L. Ortiz, and H. Sedaghat, Dynamics of
rational difference equations containing quadratic terms, J. Differ. Equ. Appl. 14 (2008),
pp. 191-208.

[71 M. Dehghan, C.M. Kent, R. Mazrooei-Sebdani, N.L. Ortiz, and H. Sedaghat, Monotone and
oscillatory solutions of a rational difference equation containing quadratic terms, J. Differ.
Equ. Appl. 14 (2008), pp. 1045—-1058.

[8] S.Elaydi and R. Sacker, Basin of attraction of periodic orbits of maps on the real line, J. Differ.
Equ. Appl. 10(10) (2004), pp. 881—888.

[9] E.A. Grove, Y. Kostrov, G. Ladas, and S.W. Schultz, Riccati difference equations with real
period-2 coefficients, Commun. Appl. Nonlinear Anal. 14(2) (2007), pp. 33-56.

[10] E.A. Grove and G. Ladas, Periodicities in Nonlinear Difference Equations, Chapman & Hall/
CRC Press, Bocan Raton, FL, 2005.

[11] E.A. Grove, G. Ladas, L.C. McGrath, and C.T. Teixeira, Existence and behavior of solutions of
a rational system, Comm. Appl. Nonlinear Anal. 8(1) (2001), pp. 1-25.

[12] Y.S. Huang and P.M. Knopf, Global convergence properties of first-order homogeneous
systems of rational difference equations, J. Differ. Equ. Appl. 18 (2012), pp. 1683—-1707.

[13] C.M. Kent and H. Sedaghat, Global attractivity in a quadratic-linear rational difference
equation with delay, J. Differ. Equ. Appl. 15(10) (2009), pp. 913-925.



Downloaded by [T&F Internal Users], [Helen Gray] at 08:15 31 October 2014

Journal of Difference Equations and Applications 663

[14] C.M. Kent and H. Sedaghat, Global attractivity in a rational delay difference equation with
quadratic terms, J. Differ. Equ. Appl. 17(4) (2011), pp. 457-466.

[15] R.C. Robinson, An Introduction to Dynamical Systems: Continuous and Discrete, Pearson/
Prentice Hall, Upper Saddle River, NJ, 2004.

[16] H. Sedaghat, Inverse map characterizations of asymptotic stability on the line, Rocky Mountain
J. 29 (1999), pp. 1505-1519.



	Abstract
	1. Introduction
	2. Definitions and background material results
	3. The main general results
	4. Applications to rational difference equations
	References

